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Abstract. Motivated by the classical Theorems of Picard and Siegel 
and their generalizations, we define the notion of an essentially large 
effective divisor and derive some of its geometric and arithmetic con- 
sequences. We then prove that on a nonsingular projective variety X 
whose codimension is no greater than dimX — 2, every effective divisor 
with dimX + 2 or more components in general position is essentially 
large. 



1. Introduction 

In |CZ02j . Corvaja and Zannier found an innovative way of using 
Schmidt's Subspace Theorem to give a new proof of the classical Theorem 
of Siegel on integral points on affine varieties. They subsequently expanded 
their approach to obtain certain results on integral points in higher dimen- 
sions ([CZ03], |CZn4b], [CZniai , [CZOeb]). The approach was translated to 
Nevanlinna theory in |Ru04| . 

Evertse and Ferretti ( [FerOOJ , |EF02j ) used similar (yet more general) ar- 
guments to obtain diophantine inequalities on projective varieties. Their 
approach is largely based on Mumford's degree of contact. In Nevanlinna 
theory, this approach was used by Ru |Ru09j to establish a Second Main 
Theorem for holomorphic curves into projective varieties intersecting hyper- 
surfaces. 

As stated in [Lev09[ p. 609], the article [CZ02j motivated Levin to make 
the following Definition. Its significance is due to the hyp erbolicity- type and 
Mor dell- type properties enjoyed by the complements of large divisors. We 
let K denote either a number field or C. 

Definition 1.1 ([ Lev09[ Definition 8.1]). Let D be an effective divisor on a 
nonsingular projective variety X defined over K. Then D is said to be very 
large if for every P G D{K), there exists a basis B of the finite-dimensional 
vector space 

L{D) = {/ rational function on X\ div(/) > —D} 
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such that ordEY\f(^B f ^ ^ ^'^^ every irreducible component E of D with 
P G E{K). Moreover, an effective divisor is said to be large if it has the 
same support as some very large divisor. 

Recall that for an effective divisor D as in the above Definition, the finite- 
dimensional vector spaces L{D) and H^(X,Ox{D)) are isomorphic via 

(1) H''{X,Oxm^ HD), s^—, 

SD 

where is a section of Ox{D) with div(s) = D. 

For a divisor D = Yll=i with Di effective (but not necessarily irre- 
ducible), Levin's main sufficient criterion for very largeness is the following. 

Lemma 1.2 ( |Lev091 Lemma 9.1]). Let D = X^^^x -Dj be a divisor with 
each Di effective (but not necessarily irreducible) on a nonsingular projective 
variety X, all defined over K. For P G D{K), let Dp = Yl,{vPeDi} ^i- ^^so, 
for integers m, n, let 

fp{m,n) = h^{X,Ox{nD -mDp)) - h^{X,Ox{nD - {m + l)Dp)). 

If there exists n > such that X]m=o("^ ~ "')/-P("^' ^ ^ /^'^ ^ ^ 
then nD is very large. 

The short proof provided in [LevODj is based on the filtration argument 
introduced in [CZ02j . The main idea is to define a filtration 

Vj = H\X, OxinD - jDp)) (j = 0, 1, 2, 3, . . .) 

of H^{X,Ox{nD)) and to choose a basis fi, ■ ■ ■ , fhO{x,Ox{nD)) of L{nD) 
according to this filtration, beginning with the last nonzero subspace. Since 
d\mVj/Vj+i = fp{j,n), we get 

h<^{X,Ox{nD)) oo 

ord^; fi> {oidE D)'^{m- n)fp{m, n) > 0. 

1=1 m=0 

The main result on large divisors in [Lev09j is the following. 

Theorem 1.3 ( [Lev09| ). Let X be a q-dimensional nonsingular projective 
variety, defined over K . Let D = 'Y^i^i Di be a divisor, also defined over 
K, with each Di effective (but not necessarily irreducible) and big and nef. 
Moreover, assume that every irreducible component of D is nonsingular and 
that the intersection of any m + 1 distinct Di is empty over K. If r > 2mq, 
then D is large. 

In the proof of this Theorem given in [Lev09j . the difference 
h^{X,Ox{nD - mDp)) - h°{X,Ox{nD - (m + l)Dp)) is bounded from 
above based on the i^'^-part of the corresponding long exact cohomology 
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sequence. As remarked by Levin, using the double filtration argument from 
|CZ04b[ Lemma 3.2], the factor of 2 in the lower bound on r can be removed. 

It would of course be interesting to decrease the lower bound on r in 
Theorem 11.31 In light of the classical Theorems of Picard and Siegel and 
their generalizations, and some of the standard conjectures in hyperbolicity 
theory, one might suspect that when m = q, the lower bound of 2mq can 
be replaced hy q + 1. However, it is quite clear that the sufficient criteria in 
|Lev09] cannot be used to prove this. To be precise, we make the following 
Remark. 

Remark 1.4. In the situation of Lemma \1.2\ let X = P''. Let D be the 
sum of r general smooth hypersurfaces of degree d. Then 



if and only if r > q^ + q. 

We leave the proof of Remark 11.41 as an exercise to the reader. Note that 
since Pic(P'') is generated by Opg(l) and since h°{Fi,Owi{£)) = C^^), the 
dimensions of all the H^'s involved can be computed without problem. 

We now turn to the new results presented in this note. The starting point 
is our definition of essentially (very) large divisors as follows. 

Definition 1.5. Let D be an effective divisor on a nonsingular projective 
variety X, all defined over K. Then we define D to be essentially very large 
if there exists a linear subspace V of L(D) such that for every P E D{K), 
there exists a basis B of V such that ord^; J^jg^ / > for every irreducible 
component E oi D with P G E[K). Moreover, we define an effective divisor 
to be essentially large if it has the same support as some essentially very 
large divisor. 

This is obviously a weakening of the notion of large divisors, which re- 
quires V = L[D). However, our definition seems technically easier to handle, 
while it retains the important function theoretic and number theoretic con- 
sequences of the original definition of large divisors derived in |Lev09] . In 
fact, in Section [21 we prove new inequalities of Second Main Theorem- type 
and Schmidt Subspace Theorem-type for essentially large divisors that are 
actually stronger than the consequences for large divisors derived in [Lev09| . 
Since the statements of our Theorems require some (standard) definitions, 
we simply refer the reader to Theorem 12.21 and Theorem 12.61 at this point of 
the Introduction. 



oo 




(m — n)fp{m,n) > (n sufficiently large) 



m=0 
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As a matter of convention, we will always assume that the constant func- 
tion 1 is an element of the basis B, although it does not contribute to the 
vanishing of the product. 

Remark 1.6. The reader might wonder how essential very largeness fits 
in with the standard notions of "size" for a divisor in algebraic geometry. 
In this paper, we will not make any statements in this respect, other than 
the trivial observation that a basis for V yields a nonconstant rational map 
to projective space whose locus of indeterminacy (i.e., the base locus of V 
understood as a subspace of H^(X,OxiD))) is contained in D. 

In a second line of inquiry, beginning in Section [3l it is clearly interesting 
to ask for (sharp) sufficient criteria for a divisor to be essentially large. In 
this direction, we first discovered that the filtration method from |CZ04a] 
(see also |Ru04] ) yields the expected sharp bound (even for the original ver- 
sion of largeness) in the case of X = ¥'^ as stated in the following Theorem. 
(Cf. our comments in Remark 11.41 ) 

Theorem 1.7. Let q > 1 and r > q + 2 be integers. On P'^, let D = Yl^i=i 
be a divisor defined over K , where each Di is a hypersurface (not necessarily 
irreducible or reduced). Assume that the Di are in general position, i.e., the 
intersection of any q -\- 1 of them is empty over K . Then D is large. 

In the case of nonsingular projective varieties different from projective 
space, our result is the following. 

Theorem 1.8. Let q > \ and r > q + 2 be integers. Let X Q ¥^ be a 
nonsingular projective variety of dimension q defined over K . Let D = 
"Yl^^i Di be a divisor on X such that each Di is defined by the restriction 
to X of a homogeneous polynomial of degree di in K[Xq, . . . ,X(\. Finally, 
assume that the Di are in general position on X, i.e., the intersection of X 
with any q + 1 of them is empty over K . Then D is essentially large. 

While the assumptions in Theorem II . 8 1 are certainly restrictive, they cor- 
respond exactly to the current state-of-the-art for generalized geometric ver- 
sions of the Second Main Theorem (see |Ru09| ) . 

It seemed to be an interesting problem to find a broad class of projective 
varieties to which Theorem 11.81 can actually be applied. This is treated in 
Section HI where we obtain the following Theorem, which is repeated as 
Corollary 

Theorem 1.9. Let g > 1 and r > q + 2 be integers. Let X C 6e a 
nonsingular projective variety of dimension q, defined over K. Assume that 
2q — i > 2 holds. Let D = Yli=i effective divisor on X defined over 

K such that the Di are in general position. Then D is essentially large. 
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In closing this Introduction, we conjecture that the bound on the number 
of components in Theorem [L9] is generally the correct one, regardless of the 
codimension of X: 

Conjecture 1.10. Let g > 1 and r > g + 2 be integers. Let X C 
be a nonsingular projective variety of dimension q, defined over K. Let 
D = X]I=i be an effective divisor, defined over on X such that the Di 
are big and in general position. Then D is essentially large. 

2. The geometric and arithmetic properties of essentially 

large divisors 

2.1. The geometric case. We first derive the inequality of Second Main 
Theorem-type for essentially very large divisors. We begin by recalling some 
standard definitions from Nevanlinna Theory. 

Let (7 : C — 7> P"^ be a holomorphic map. Let g = [(70, • • • , ffm] be a reduced 
representative of g, where go, ■■■,9m, are entire functions on C and have 
no common zeros. The Nevanlinna-Cartan characteristic function (or the 
height function) Tg{r) is defined by 

Tgir) = ^ f log . max |g,(re^^)|d0. 

The above definition is independent, up to an additive constant, of the choice 
of the reduced representation of g. 

For a divisor Z) on a projective variety X, represented by a local defining 
function p, and a holomorphic map g : C ^ X, the counting function is 
defined as 

r na(t,D) -n„(0,D) 
Ngir,D)= ' \ ' ' dt + ngiO,D)\ogr, 

Jo ^ 

where ng{t, D) is the number of zeros of p o g inside |2;| < t (counting mul- 
tiplicities), and ng(0, D) = lim^_^o+ ng{t, D). 

By the Jensen formula, we also have 

Ng{r,D)= ^ orda {pog) log 

a&Dr\{0} 

The following generalized version of Cartan's Second Main Theorem (see 
|Ru97] , |Voj97| ) will be the basis of the proof of Theorem 12.21 Note that by 
II II we mean the (coefficient-wise) maximum norm in this Subsection. 

Theorem 2.1. Let f = [Jq : ... : fm] ■ C — ?■ P™ be a holomorphic map 
whose image is not contained in a proper linear subspace. Let Hi, . . . , Hq 



+ ordo(p o g) log r. 
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be arbitrary hyperplanes in P'". Let Lj, 1 < j < q, be linear forms defining 
Hi, . . . , Hq. Then, for every e > 0, 



where ". < . " means that the inequality holds for all r outside of a set T 
with finite Lebesgue measure, and the maximum is taken over all subsets K 
o/{l, ...,(?} such that the linear forms Lj, j G K, are linearly independent. 

To prove our result, we need a general formula for the height Tg{r) when 
g =[gQ : . . . : where go, ■ ■ ■ ,gm are meromorphic functions (i.e., it is not 
necessarily the reduced representation of g). According to | lLan87^ p. 202], 
such a formula reads 



aeDr\0 

where log max^g^ |cg^. | is a correction term that makes the definition in- 
dependent of multiplication by a nowhere zero holomorphic function (see 
[Lan87j for full details). 

Our main result in this Subsection is the following inequality of Second 
Main Theorem-type. According to the subsequent Corollary 12.31 it can be 
understood from the geometric point of view as a quantitative version of the 
Chern hyperbolicity of the complement of an essentially large divisor. 

Theorem 2.2. Let D be an essentially very large divisor on a nonsingular 
complex projective variety X. Let V be a linear subspace of L[D) as in 
Definition \1.5[ Let 4>q, ■ ■ ■ (j)m be an arbitrary basis for V . Let f : C X be 
an algebraically nondegenerate holomorphic map. Let ^ be the rational map 
[(po : . . . : (pm] ■ X — > P™, and write 

F = $ o / : C ^ P™. 

When El, . . . ,E£ denote the irreducible components of D, let 

M = max{— ord^;. (0j) \i = 1, . . . ,i, j = 0, . . . , m}. 

Then, for every e > 0, 



where ". < . " means that the inequality holds for all r outside of a set T with 
finite Lebesgue measure. 

Note that since ^> is nonconstant and / is algebraically nondegenerate, 
the map F also is nonconstant. 





log max \gj{re 

j=0,...,m 





Tpir). < .{M{m + l) + l + e)Nf{r,D) 
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Corollary 2.3. Let D be an essentially large divisor on a nonsingular com- 
plex projective variety X. Then every holomorphic map f : C ^ X \ D 
must be algebraically degenerate, i.e., the image of f must be contained in 
a proper subvariety of X. In other words, X \ D is Chern hyperbolic (aka 
quasi Brody hyperbolic). 

Proof of Corollary \2.3[ Since the statement of the Corollary only refers to 
the support of D, we can assume that D is essentially very large. Assume 
that f : C X \ D is algebraically nondegenerate. Since / omits D, 
Nf(r, D) = 0. So the above inequality implies that Tpir) is bounded outside 
of a set of finite Lebesgue measure. However, since F is nonconstant, this is 
false and gives a contradiction. □ 

Proof of Theorem \2.2l It is easy to see ( |Lev091 Remark 8.2]) that there 
exists a finite set J of elements in V such that for every P & D there exists 
a subset I C J that is a basis of V with ordEYlf^j f > when E is a 
component of D with P ^ E. Let J' be the set of linear forms L in m + 1 
variables such that L o ^ ^ J . 

According to Theorem 1 2. H 

/ maxlog n '' L., ALh ^- < -("^ + 1 + ^)TF{r), 

where the maximum is taken over subsets I C J' such that / consists of 
exactly m + 1 independent linear forms. 

Since the left-hand side is independent of the choice of the representation 
of F, we can rewrite the above inequality as 

/ maxlog II ' .... TT-. < .(m+l+£)rp(r)+0(l), 

7o I tei \L{F{re^<^))\ 27r 

where 0(1) is introduced by dropping the factor ||L|| after assuming that a 
fixed choice of coefficients has been made. 

Next, we observe that since D is essentially very large, outside of the 
support of the divisor D, we have 

(2) max|0.(/(re^^))|sminTT [L(F(re^^))| < C, 

Lei 

where C is some constant. The reason is that we can cover X by a finite 
number of open sets on each of which min/(J|^gj \L o $|)*^| is bounded 
for each j = 0, ...,m. Namely, for P G X, define Up as follows. If 
P ^ D, take a small neighborhood Up of P such that its closure is dis- 
joint from the support of D. Since the (pj have no poles outside of the 
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support of D, the boundedness on Up is obvious, li P G D, take Up to 
be a small neighborhood of P with the property that Q (z E D Up implies 
P ^ E for all components E of D. Consequently, by the essential very 
largeness, there exists Iq such that oidE(WL(^io L o $) is a positive integer 
and orde min/(P3j^gj \L o $|)^^) > for all j = 0, . . . , m. Perhaps after 
shrinking Up, this implies that min7(]^^gj \L o <I>|)*^| is bounded on Up 
for every j = 0, ... ,171. Finally, since X is compact, we can cover it with a 
finite number of open sets of the form Up. 

Applying log to both sides of ([2]) yields 

logmax|(/>,(/(re^^))|if +logminTT \L{F{re^^))\ < logC. 

Therefore, 



logmax|</,,(/(re^''))|™+i+ir < maxlog J] ""f/j^/^^^C!'^^' + 
Thus 

27r 

logmax|0j(/(re^^))|(i0 
J 



M 



M(m + 1) + 1 



/■27r ^ 

/ logmax|,/.j(/(re^^))r+^+Mde 
Jo i 



M f f^"" T-r max. |(/).(/(re^^))| ^ 

< T77 7 / maxlog TT J '-^de + log C 

- M(m + 1) + 1^ I \L{F{re^O))\ ^ 

- M(m+ 1) + 1 ^ ^ ^ ^ 
Recall that from Lang's formula [Lan871 p. 202], 



Tpir) = I logmax|(^j(/)(re^^)|- logn 



+ XI -^^^ (-orda(</>j(/)))log 

^ — ' j=0,...,m 

aeDr\0 

+ max (-ordo(0j(/)))log |r|. 
j=0,...,m 



Thus, 



M{m + 1 + e) 



TF{r).<. Z'"^':.'^' TF{r)+ max (-orda((^,(/)))log 

+ max (- ordo((/)j(/))) log |r| + 0(1). 

j=0,...,rn 
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Recall that due the isomorphism ([T]), there are sections so,...,Sm G 



H^{X,Ox{D)) such that <i)j = ^. Therefore, for all a G Dr, 



ro/ V such that </)j = ^ 

max(-orda(Fj)) = max(-orda(0j o /)) 



max ( — orda ( o / 

orda(sD o /) - minorda(sj o /) 
i 



< orda(sD o /). 

Consequently, we obtain 

^r— Y7>(r). < . 2^ orda(sDo/)log 



Mim + l) + _ 



+ ordo (sD o /) logr + 0(1) 
--Nf{r,D) + 0{l). 



Since Tp{r) is unbounded for r — )• oo outside of a set of finite Lebesgue 
measure, we can, after perhaps enlarging F, continue to estimate as follows, 
where 6 is any positive number. 

Nf{r,D) + 0{l) 
. < .Nf{r,D)+6TF{r). 

We can now subtract 5TF{r) from both sides of the inequality and then di- 
vide both sides by — 6. Choosing small enough e and 6 (depending 
on e) concludes the proof. □ 



2.2. The arithmetic case. We now derive an inequality of Schmidt Sub- 
space Theorem-type for essentially large divisors. We again begin by recall- 
ing some standard definitions. 

Let A: be a number field of degree d. Denote by the set of places 
(equivalence classes of absolute values) of k and write for the set of 
archimedean places of fc. In an archimedean class v, we choose the absolute 
value I |„ such that | |tj = | | on Q (the standard absolute value). For a 
nonarchimedean class v G \ M^, we let \p\y = p^^ if v lies above the 
rational prime p. 

Denote by ky the completion of k with respect to v and by dy = [ky : Q„] 

the local deg ree. Let || \\y — | ju" . We have the product formula: for every 
X e k*, 
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For Q = [xo, . . . ,x.m] e P^, let ||Q||„ = maxi<j<m Moreover, define 

the logarithmic height of Q by 

h{Q)= logllQL- 

By the product formula, its definition is independent of the choice of the 
representations. 

We now come to the notion of a Weil function. Let X be a projective 
nonsingular variety and D be an effective divisor on X, both defined over a 
number field k. Extend || ||„ to an absolute value on the algebraic closure 
for all V G Mk- Then a (local) Weil function for D relative to u is a function 
\d,v '■ X{kv) \ Supp(D) — > R such that if D is represented locally by (/) on 
an open set U, then 

XdAP) :=-log||/(P)||„+a(P), 

where a{P) is a continuous function on U{ky). We sometimes think of \d,v 
as a function of X{k) \ Supp(L') or X{k) \ Supp(Z)) by simply choosing an 
embedding k ^ k^. 

Given a finite set S C containing all archimedean places, define the 
proximity function ms{x,D) by, for x € X{k) \ Supp(D), 

(3) ms{x, D) = ^ XdA^)- 
The counting function Ns{x, D) is defined by 

(4) Nsix,D) = -^Y.^^A^)- 

Note that the sum above is still a finite sum, since the terms all vanish 
except for finitely many. 

Definition 2.4. A subset S of X(k) \ Supp(L') is {D , S)-integral if there 
is a Weil function A/j for D and constants c^, G M for all u 5 such that 
= for almost all c„ = and \d,v{P) — ^'-'^ ail v ^ S and P € S. In 
other words, a subset S of X{k) \ Supp(P') is (D, S)-integral if and only if 
Ns{x,D) is bounded over S. 

We recall the following generalized version of Schmidt's Subspace Theo- 
rem from |Voj89| . 

Theorem 2.5. Let k be a number field with its set of canonical places 
Mk. Let S C Mfc be a finite set containing all archimedean places. Let 
Hi , . . . , Hm be hyperplanes in P" defined over k with corresponding Weil 
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functions Xh^ , ■ ■ ■ , A//^ . Then there exists a finite union of hyperplanes Z , 
depending only on Hi, . . . , Hm (and not k, S), such that for any e > 0, 

^ max Xh^,v{P) < (n + 1 + e)h{P) 

holds for all but finitely many P € P" \ Z, where the maximum is taken 
over subsets I C {1, . . . ,m} such that the linear forms defining Hi,i € /, 
are linearly independent. 



Our main result in this Subsection is the following inequality of Schmidt 
Subspace Theorem- type for essentially large divisors. 

Theorem 2.6. Let D be an essentially very large divisor on a nonsingular 
projective variety X, both defined over a number field k. Let V be a linear 
subspace of L{D) as in Definition li.5i Let (j)Q,...(j)m be an arbitrary basis 
for V and let <I> be the rational map [(j)Q : . . . : (j)m\ ■ X — > P™" . Let S C be 
a finite set of places containing all archimedean ones. Then for every e > 0, 

/i($(P)). < .(M(m + 1) + 1 + e)NsiP, D), 

where ". < ." means that the inequality holds for all P € X{k) outside a 
Zariski closed variety Z of X. 



Proof. Let / be defined as in the proof of Theorem 12.21 Due to arguments 
analogous to those that gave the boundedness ([2]), we have for P € X{k) 
not contained in the support of D: 

maxlog Uj{P)\\v < 2^maxlog |J_ + logC, 

we5 ^ ves Lei " ^ ^ '^'^'^ 

for some constant C. In the sequel, we will denote abuse and denote all 
constants with the same symbol C. 

By Theorem 12.51 for all P G X{k) outside a Zariski closed variety Z of 
g .naxlog n "g(itp))£"° - - ^ ' ^ '"■<*<^»- 

Hence 

^maxlog < .(m + l + e)/i($(P))+logC. 

Now, 



,m+l-' ^ 



ves ^ 



= ^ maxlog max log ||0,(P)|1„. 



ves ^ v^s ^ 
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We again use the fact that, due to the isomorphism ([T]), there are sections 
So, . . . ,Sm G H^{X, Ox{D)) such that = j = 0, . . . , m, where so is 
a section of Ox{D) with div(s) = D. Moreover, we think of a section s of 
Ox{D) as given by a cohection (s/j) of functions pertaining to an open cover 
{Up) such that sp = h^^s^ on UpnU-y, where /i^^ are the nowhere vanishing 
transition functions of Ox{D). 

If P G Upijtv)-, then we can write 

\S3AP)\\V 



^AP)\\v 



\sdAP)\\v 
independently of /3. Thus 

5:maxlog||0,(P)||. -El"g JL'Yj^(h| = hi^P))- 

From the definition of the Weil- function A/j „(P), since D is represented by 

SD,I3 on C//3, 

XdAP) = -log\\sDAP)\\v+aiP), 

where a is continuous on Up{kv)- Since logmaxj ||sj^/3(P)||„ is bounded from 
above on Ufjiky), there exists a constant Cp such that 

-log — ^^^^i^^'^/lbii = - log \\sDAP)\\y + log max ^(P)||t, 

<-log|lsz5,/3(P)||^, + a(P) + C;3 
=AD,^,(P) + C;3. 

Therefore 

max log ||</., (P)||. + XdAP) + C> h{^{P)). 

So we have 

maxlog 



+ 1 + ^) /^(^(^')) < J^maxlog |1.^,(P)||™ 



. < .(m + 1 + e)/i($(P)) +(m + l + ^\Y. ^D,v{P) 

+ c. 
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By Northcott's Theorem, for any 6 > 0, {Q e W^mQ) < f } is a finite set. 
Thus, after possibly enlarging Z, we can continue to estimate 

+ 1 + e)hmP)) + (m + l + ^^Y, ^dAP) + C 

. < .(m + 1 + e + 5)h{^{P)) + ("i + 1 + ^) \d,v{P)- 

After rearranging the inequality and choosing e and 5 (depending on e) small, 
we obtain the Theorem. □ 



In strict analogy to Corollary 12.31 we obtain the following 

Corollary 2.7. Let D he an essentially large divisor on a nonsingular pro- 
jective variety X, both defined over a number field k. Let S C he a 
finite set of places containing all archimedean ones. Then any set of{D,S)- 
integral points is contained in a proper suhvariety of X. In other words, 
X\D is quasi Mordellic. 



Proof. We can assume without loss of generality that D is essentially very 
large. Let E be a set of {D, 5)-integral points. According to Definition 12.41 
Ns(x,D) is bounded over S. So, by Theorem 12.61 /i($(P)) is bounded for 
all P G S outside a Zariski closed variety Z X. This means that, due 
to Northcott's Theorem, the set {$(P)|P G (S \ Z){k)} is finite. Since 
$ is a nonconstant morphism outside of D, the preimage of this finite set 
is a proper subvariety Zi of X. We have shown that S C Z D Zi, which 
concludes the proof. □ 



3. Proofs of the sharp sufficient criteria for essentially 

large divisors 

As was stated in the Introduction, the filtration method from |CZ04aj . 
|Ru04] can be used to prove the sharp bound for the number of components 
of a large divisor in the case of X = (Theorem II. 7p . We now give the 
proof. 

Proof of Theorem \1. 7| The number field case being completely analogous 
(see [CZ04a] ). we only prove the case when K = C 

Let Qi, . . . ,Qr be homogeneous polynomials of degree di such that Di = 
{Qi = 0}. Let P ^ D. After replacing each Qi by Q'\^'^\ where d is 
the least common multiple of the dj's, we can assume that all Qi have the 
same degree d. Without loss of generality, assume that precisely q of the 
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Di contain the point P, and let {71, . . . ,7^} be the unique set of distinct 
elements of {Qi, . . . , Qr} such that P G nf^^{7i = 0}. 

Let Vjy be the vector space of homogeneous polynomials of degree N 
in C[Xq, . . . , Xq]. With the lexicographical ordering on the g-tuples i = 
{ii, . . . ,iq) with a{i) := Yl'j=i^j — ^/d, we obtain a filtration on Vn by 
letting 

e>i 

Note that clearly = Vn and ^ W^-, for i' > i. Combining Lemma 2.3 
and Lemma 3.1 of |CZ04a) . we note the following Lemma for our situation. 

Lemma 3.1. There exists an integer Nq (depending only on 71, ... , 'jq) such 
that for all integers N > Nq and for all i with da{i) < N — Nq: 

A^:= dimW^/W^r; = d^. 

Now choose a basis i^i, ■ ■ ■ ^i^m {m = (^^'^)) for Vn with respect to the 
above filtration. For all v = 1, . . . ,m, write 

for some j^'^^ G ^N-dait) according to its place in the filtration. 
For iV G N, let iV = iV • r • d and write 

/7°(P'?,Op,(iVD)) = F0(P'?,Op,(iV-r -d)) = FO(P^C>p,(iV)) = Vn- 
For = 1, . . . , m, let 



Ql ■ ■ ■ Qr^ 

These rational functions clearly form a basis for L{ND). To conclude the 
proof of the Theorem, we show that they satisfy ord^;]^]^-^ fu>0 for any 
component E in D with P ^ E. We assume that E is contained in Dj^y 
Then 

1 - , .\ ^~JN + q 



ord.n^= EA?^.o -iv(^;'^). 



ord^; D 

Since the number of nonnegative integer m-tuples with sum < t is equal to 
the number of nonnegative integer (m + l)-tuples with sum exactly t which 
is (*^), and since the sum below is independent of j, we have that, for N 
divisible by d and for every j, 

El V — ^ V — ^ , 1 V — ^ 

^ ~ q+l ^ ^ ~ g+ 1 ^ "d 
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'N/d + q\N Af'?+i 



+ 0(iV^), 



q+l\ q J d di+'^{q+l)\ 
where is taken over all nonnegative integer {q + l)-tuples with sum 



exactly N/d. Combining it with Lemma |3.H we have, for every 1 < jo ^ q^ 

d{q+iy. 

i 

Thus, 

^ m 

T7n n 



orde D 




1 \ 



^q + 1 r J d ■ q\ 

For sufficiently large, this is positive if r > g + 2. □ 

Remark 3.2. We remark that under the assumptions of Theorem 11.71 the 
paper [Ru04| , using the same methods from |CZ04a] , obtained a sharp Sec- 
ond Main Theorem that is stronger than Theorem l2.2[ The same can be said 
for Theorem 11.81 and the paper |Ru09j , which is in turn based on [FerOOj , 
[EF02j . On the other hand. Theorem 1 2 . 2 1 does not require these assumptions, 
so it is still a new result. 



We continue with the proof of Theorem 11.81 based on the methods of 
[FerOOj . [EF02] and [Ru09] . 



Proof of Theorem The number field case being completely analogous 
(see {FerOOj ) . we only prove the case when K = C 

Let Qi, . . . , be homogeneous polynomials such that Di = {Qi = 0}nX. 
As above, we can assume that the degrees of the homogeneous polynomials 
Qi equal d for all i. Let 

(^:X^P'-\ [Qi(x),...,Q,(x)]. 

Let Y := (p{X). By the general position assumption, ip is a finite holomor- 
phic map X ^ Y. 

On P^'^-*^, we have for all € N a short exact sequence 

^ Iy{N) Opr-i{N) Oy{N) 0. 
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The beginning of the corresponding long exact sequence reads 

^ h\w-'^,Xy{n)) ^ F0(p'-\Op.-i(iv)) A //°(y,Oy(iv)), 

where r denotes the restriction map. We let 

Wn '■= image (r) 

^ i/0(P'-i,Op.-i(iV))/ker(r) 

^H^{V-^,0^r-i{N))/H^{V-^,ZY{N)) 

^C[Fo,...,i;-i]iv/(/y)iv, 

where {Iy)n denotes the set of those homogeneous polynomials of degree A'' 
vanishing on Y. Let Vn := ^*{Wn) ^ H^{X, Ox{ND)). 

Since 99 : X — t- y is a finite surjcctivc holomorphic map, 

dim(Fjv) = dim(VFjv) = dimC[yo, ■ ■ . ,Yr-i\N / {Iy)n = Hy{N), 

where Hy{N) is the Hilbert function of Y. 

Let P ^ D. Without loss of generality, we assume again that there are 
distinct Qi^,. ■ ■ ,Qig G {Qi, ■ ■ ■ , Qr} such that P G n^=i{(3ij = 0}. 

Let c = (ci, . . . ,Cr) be the r-vector whose ij-th entry (1 < j < q) is 1 
and elsewhere is 0. Let y^^^\ . . . ,y^^^^^^^^ be monomials such that their 
equivalence classes in C[Yo, . . . , Yr-i]N/{lY)N give a basis and such that 

Hy{N) 

Sy{N,c)= J2 "^^•c, 

i=l 

where Sy {N, c) is the A^-th Hilbert weight and the bullet denotes the usual 
dot product. Recall that the iV-th Hilbert weight is given by 

Hy{N) 

Sy{N, c) = max ^ a^*) • c, 

i=l 

where the maximum is taken over all sets of monomials y^^^', . . . ^y"'^^''^" 
whose residue class modulo /y form a basis of C[yO) • • • ) yr-i]jv/(-^y)jv- For 
u = 1,.. . , Hy(N), and N a multiple of r, let 

LJ^ . . . LJr 

These functions form a basis for Vn understood as a subspace of L(ND). 
To conclude the proof of the Theorem, we show that they satisfy 
ord£;n^i^^ fu > ^ for any component E m. D with P e E. We assume 
that E is contained in Dj^. 



ON ESSENTIALLY LARGE DIVISORS 17 

We recall two basic lemmas in |Ru09j : 

Lemma 3.3. Let X C be an algebraic variety of dimension n and degree 
A. Let m > A be an integer and let c= (co, . . . ,cn) S M^j^"'^. Then 

1 Q ( 1 (2n + l)A / 

-Sx{m,c) > - — —r^ex{c) max a 



mHx{m) ' (n + 1) A m \i=o,...,N 

where (n+i)A ^^(^ ^-^ normalized Chow weight of X with respect to c. 

We will not give a definition of the normalized Chow weight here (see 
|Ru09j ) ■ For our purposes, all we need is the following estimate from below. 

Lemma 3.4. Let Y be a subvariety ofF'^^ of dimension n and degree A. 
Let c = (ci, . . . , Cq) be a tuple of positive reals. Let {io, • • • , i^} be a subset 
of {1, . . . , g} such that 

yn{y,o = 0,...,yi„ = O} = 0. 

Then 

eric) > (cio + --- + CiJ ■ A. 

We now continue our proof. With our chosen c and a^*^ , using Lemmas 
3.3 and 3.4 (notice the condition that Qi, . . . ,Qr are in general position), 
and the symmetry property of the a^^\ . . . , a^^Y^^^^ ( [Mum77l p. 61]), 



Hy(N) (Hy{N) \ 

i/=l \ V = l I 

1 /""^^"^^ \ AT 



= -Sy{N,c)--Hy{N) 
q r 

> -^NHYiNXy^a^) - 0{Hy{N)) - -Hy{N) 
q q + \ r 

1 N 

NHy{N) Hy{N) - 0{Hy{N)) 



+ 1 r 
1 1 



+ 1 r 



)NHy{N) - 0{Hy{N)). 



For sufficiently large, this is positive if r > g + 2. □ 
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4. Essentially large divisors on projective varieties of small 

codimension 

Our ultimate (and so far unreached) goal is of course to find a (sharp) 
lower bound for the number of (say ample) components in general position 
necessary for a divisor on a nonsingular projective variety to be essentially 
large (cf. Conjecture ll.lOp . For a general nonsingular projective variety, it 
is clearly not true that all effective divisors are cut out by hypersurfaces 
in the ambient projective space, as assumed in Theorem 11.81 In this final 
Section, we exhibit a class of nonsingular projective varieties for which this 
is the case and to which Theorem 11.81 can thus be applied. Consequently, 
the above-mentioned ultimate goal has been achieved for these varieties. 

We refer the reader to [Har74| or |Laz04t Section 3.2] for more on the 
algebraic geometry behind this question, which is essentially the problem 
of extending the Lefschetz Hyperplane Theorem to varieties that are not 
complete intersections. In particular, the theorems of Barth [ BarTOj . Larsen 
|Lar73| . and, in the case of a general ground field of characteristic zero, Ogus 
|Qgu73| apply. For our purposes, we simply state the following Proposition, 
which is an immediate consequence of these theorems. 

Proposition 4.1. Let X C 6e a nonsingular projective variety of dimen- 
sion q, defined over K . If2q — £ > 2, then restriction yields an isomorphism 

Pic(P^) 4 Pic(X). 

Since Pic(P^) = Z, this Proposition gives the following Corollary to The- 
orem [L8l 

Corollary 4.2. Let q > 1 and r > q + 2 be integers. Let X C be a 
nonsingular projective variety of dimension q, defined over K . Assume that 
2q — i > 2 holds. Let D = Di be an effective divisor on X defined over 
K such that the are in general position. Then D is essentially large. 

We conclude by pointing out that the condition 2q — i > 2 is not that 
restrictive. It is well-known that, by general linear projections, any nonsin- 
gular projective variety of dimension q can be embedded in P^ with £ = 2g+l. 
Thus, for a generic nonsingular projective variety, one can always find an 
embedding with 2q — i= —1, which is quite close to the above condition. In 
particular, Corollarv 14.21 applies to many interesting special projective vari- 
eties such as hypersurfaces, appropriate complete intersections, and certain 
Grassmannians, such as G(2, 5) embedded into P^ under the Pliicker em- 
bedding. Note that the latter is not a complete intersection due to Bezout's 
Theorem, because its degree is (the prime number) 5, while it is not con- 
tained in any hyperplane. 
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